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Abstract 

For a class of non compact Riemannian manifolds with ends {M,g), we give pseudo- 
differential expansions of bounded functions of the semi-classical Laplacian h^Ag, h G (0,1]. 
We then study related boundedness properties and show in particular that, although 
ip{—h'^Ag) is not bounded on L^{M, dg) in general, it is always bounded on suitable weighted 

spaces. 



1 Introduction and Results 

In this paper we describe semi-classical expansions of functions of the Laplacian on a class of non 
compact manifolds of bounded geometry. We also derive certain (weighted) boundedness 
properties of such operators. Further applications to Littlewood-Paley decompositions and 
Strichartz estimates [S] will be published separately. Needless to say, the range of applications of 
the present functional calculus goes beyond Strichartz estimates; there are many problems which 
naturally involve spectral cutoffs at high frequencies in linear and non linear PDEs (Littlewood- 
Paley decompositions, paraproducts) or in spectral theory (trace formulas). 

Consider a non compact Riemannian manifold {A4,g) with ends, ie whose model at infinity 
is a product (i?, -l-oo) x S with metric g = dr^ + dd'^ /w{r)'^ , where R ^ 1, {S,d9^) a compact 
Riemannian manifold and w{r) a bounded positive function. For instance, w{r) = corresponds 
to conical ends, w(r) = 1 to cylindrical ends and w{r) = to hyperbolic ends. We actually 
consider more general metrics (see Definition 11.11 below for precise statements) but these are the 
typical examples we have in mind. If Ag denotes the Laplacian on A4 and ip is a symbol of negative 
order, we are interested in decompositions of the form 

'f{-h^Ag) = QN{^,h) + h''+^TZN{v,h), he {0,1], (1.1) 
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where A'^ > is fixed and arbitrary, QNif, h) has an expansion in powers of h in terms /i-pseudo- 
differential operators and h^~^^TZN{<p, h) is a 'nice' remainder. We recall that, for such semi- 
classical expansions, even the case oi (p € C§°{M.) is of interest, by opposition to the classical case 
{h = 1) where functions of Ag are often treated as negligible operators. 

There is a large literature devoted to the pseudo-differential analysis of functions of closed op- 
erators on manifolds so we only give references which are either classical or close to our framework. 
For h = 1, the case of compact manifolds (ie, essentially, the local interior case) was considered by 
Seeley [H] (see also [301 PP- 917-920]). For boundary value problems, we refer to [23111] and for 
non compact or singular manifolds to [IHl [I] . We also quote [HI 112 dl] where general manifolds 
of bounded geometry are studied in connection with the problem of the — > boundedness 
of functions the Laplacian (to which we come back below). The semi-classical case is treated for 
very general operators on R" in [THITTldl] and in [7] for a compact manifold. Besides, one of our 
initial motivations is to extend the functional calculus used in [7j to non compact manifolds and 
thus to provide a convenient tool to prove Strichartz estimates, as for instance in [131 [Sj. 

Although the general picture is quite clear, at least from the point of view, the problem of 
getting expansions of the form (jl.ip requires some care. By opposition to the compact case (or 
to M" for uniformly elliptic operators), one has to take into account certain off diagonal effects 
possibly leading to the unboundedness of the operators on LP{Ai, dg), when p 7^ 2, if dg denotes 
the Riemannian measure. 

By considering properly supported operators, namely with kernels supported close to the di- 
agonal of X we may insure that the principal part of the expansion Qn{^, h) is bounded 
on LP{A4,dg), for all p £ [l,oo], uniformly with respect to h. However, the boundedness of the 
remainder TZiq(}p,h) on U\AA,dg) remains equivalent to the one of the full operator ip^—h'^/S.g) 
and it is well known that the latter may fail for non holomorphic (p, as first noticed by Clerc and 
Stein [H] for symmetric spaces. The latter question is treated (with h = 1) for a large class of 
manifolds by Taylor in [H] (see also the references therein and the extension [15] to systems of 
properly supported operators). Taylor proves that, if A denotes the bottom of the spectrum of 
— Ag and L = {—Ag — A)^/^, the boundedness of fiL) on LP{M,dg) is guaranteed if (p is even and 
holomorphic in a strip of width at least k\1/p — 1/2|, with k the exponential rate of the volume 
growth of balls. This is typically relevant in the hyperbolic case. To illustrate this fact (as well as 
some of our results), we recall a short proof of the L^'-unboundedness of {z — Ah")~^ in Appendix 
fXl Ah" being the Laplacian on the hyperbolic space. 

In summary, our first goal is to provide a fairly explicit and precise description of expansions of 
the form (|l.ip . For h — 1, this result is essentially contained in [HI HI] but we feel that it is worth 
giving complete proofs for the semi-classical case too, first because we shall use it extensively in 
subsequent papers and second because of the subtleties due to L^'-unboundedness. 

Our second point is to prove weighted estimates on TZ^i^, h) or, equivalently, on the resol- 
vent {z—Ag)~^. The basic strategy is to use the expansion ()l.ip to get estimates on commutators 
of the resolvent with natural first order differential operators and show that {z — Ag)~^ is a pseudo- 
differential operator, using the Beals criterion. At this stage, the meaning of pseudo-differential 
operator is rather vague but we emphasize that the point is not (only) to control the singularity 
of the kernel close to the diagonal but also the decay far from the diagonal. As a consequence 
of this analysis, we obtain in particular that, although (z — Ag)^^ is not necessarily bounded on 
LP{M,dg), we always have 

71-1 n-1 n-1 n-1 

\\w{r) P 2 (z-Ag) w(r) ^ p \\Lp^M.dg}^LP(M.dg) < 00, 

for all p e (1, 00) and z ^ spec(Ag). More generally, if is a temperate weight (see Definition [O] 
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below), we have 

\\W{r)~^w{r)'^-'^{z ~ Ag)-^wir)'^-'^W{r)\\LP(^M,dg)^LP{MMg) < oo. 

This works in particular for the hyperbolic case where (z — Ag)^^ is not bounded on LP{A4,dg) 
in general. In the conical case, or more generally if w itself is a temperate weight, we recover 
the natural (unweighted) boundedness on LP{Ai,dg) by choosing W = w~ ~. The latter 
boundedness can be seen as a consequence of [22] since, if w is temperate, the volume growth of 
balls is polynomial. The above estimates are therefore complementary to the results of [22] : if 2 is 
too close to the spectrum of the Laplacian, (z — A^)"-'^ is maybe not bounded on = LP{A4, dg) 
but it is bounded if we accept to replace by weighted spaces. Furthermore, these weighted 
spaces are natural since they contain itself when w is temperate (ie essentially if w^^ is of 
polynomial growth). 

Let us now state our results precisely. 

In the sequel A4 will be a smooth manifold of dimension n > 2, without boundary and satisfying 
the following definition. 

Definition 1.1. The manifold {Ai,g) is called almost asymptotic if there exists a compact set 
K, <E Ai, a real number R, a compact manifold S, a function r G C°°(A1,R) and a function 
w £ C°°(R, (0, +00)) with the following properties: 

1. r is a coordinate near M\IC such that 

r{x) — > +00, X —^ 00, 

2. there is a diffeomorphism 

M\IC^{R,+oo)xS, (1.2) 
through which the metric reads, in local coordinates, 

9 = Gunif (r,0,dr,u;(r)-id0) (1.3) 

with 

Gunif(r,0,F) := Gikir,e)V,Vk, V = (Vi, . . . , K) e R", 

l<j,k<n 

if = (01, ... , 9n-i) are local coordinates on S . 

3. The symmetric matrix {Gjk{r,9))i<j^k<n has smooth coefficients such that, locally uniformly 
with respect to 9, 

\did^G,k{r,9)\ < 1, r>R, (1.4) 

and is uniformly positive definite in the sense that, locally uniformly in 9, 

G^Mr,d,V) « r>i?, ^gM". (1.5) 

4-. The function w is smooth and satisfies, for all k E N, 

w{r) < 1, (1.6) 

w{r)/w{r') w 1, if\r-r'\<l (1.7) 

\d''w{r)/dr''\ < w{r), (1.8) 

for r, r' G R. 
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Note that (|1.7p is equivalent to the fact that, for some C > 0, 

w{r') 

In particular, this implies that w(r) > e~'^l''l. 

Asymptotically conical manifolds, for which g = dr"^ + r'^gsif, 0, d0) (near infinity), or asymp- 
totically hyperbolic manifolds for which g — dr^ + e'^'^ gs(r,0,d9), with gs{r,9,d9) a metric on 5* 
depending smoothly on r, satisfy our definition. More precisely, for such asymptotic structures 
one usually requires that 5s (r, 9, dO) is a small perturbation of a metric g'^{6, d9) in the sense that 
5s(r, 0, d9) — g^{9, d9) — » as r ^ cxo. See for instance for more precise statements. Here we 
do not require such a condition which is the reason why we use the terminology almost asymptotic. 



Atlas and partition of unit. We now specify an atlas on Ji4 . The diffeomorphism (|1.2p is of the 
form : M\IC ~* {R, +oo) x S with 

= (r(x),7rs(£)), xeMXJC, 

where tts : A4\JC ^ S is the "projection on the manifold at infinity" and r the "radial coordinate" 
used in Definition ll.il Thus, if we consider a chart on S, 



1/., : [/, C 5 ^ K C M"-\ 
with ^pi.{y) = {9i{y), . . . , 6'„_i(y)), then the open sets 

= ((i?, +oo) X C/J CM, V. = {R, +oo) X K c M", (1.9) 

and the map 

"iir-U.^V,, with *,(x) = (r(x),i/>t o7rs(£)) 

= {r{x),9i{TTs{x)), . . . ,9n-i{7Ts{x))) , 

define a coordinate chart on \/C. With a standard abuse of notation, we will denote for simplicity 
these coordinates {r,9i, . . . , 9n-i) or even (r, 9). 

Definition 1.2. We call a coordinate patch at infinity and the triple (Z^t,Vt,^'t) a chart at 
infinity. 

Since S is compact, there is a finite set /qo such that the family {U,,, Vt, ^t)tg/^ is an atlas on 
A4\IC. Choosing another finite collection of coordinate charts for a neighborhood of /C, which we 
denot43 by (Wt, Vt, *t)i,e/comp for some finite set /comp, we get a finite atlas on M by considering 
{U„V„^,),ei with 

I — -^oo U ^coinp ■ 

In particular, we can find a finite partition of unit 

^A = l onA^, (1.10) 

such that, for all i G /, /t is supported in U^. We also set 

x.^L.o^:\ (1.11) 



^we keep the notation Ui,Vi, 'I't but, of course, the corresponding new and Vt arc not defined by H1.9| l. In the 
core of the paper, there should be anyway no confusion for we shall work almost only on A4 \ K. 
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If lA^ is a patch at infinity, we can assume that is such that 

x.ir.e)^ e{r)K,{e), (i.f2) 

for some smooth functions g and such that, for some R' > i?, 

Q{r) = 1 for r » 1, supp g C [i?', +00), G C'o°°(V:,). (1.13) 

Differential operators on M. We first compute the Laplacian Ag in a chart at infinity. Let us 
define by 

or = dr, = w{r)de, , ... , dl^= wir)dZ_,. 

We also set {G^'')i<j,k<n {Gjk)i<,j fc<„ and det C?unif '.— dei{Gjk) (see (|1.3p ). We then have 

= (det G^^sir^'^dJ&\dei G^^^Y'^d^ + (1 - n)^Gi'=9,™, (1.14) 

using the summation convention for j^k > 1. This formula motivates the introduction of the 
following class of differential operators. 

Definition 1.3. For m £ N, Diff^'(AI) is the space of differential operators P of order < m, 
acting on functions on Ai, such that, for any chart at infinity (W^, Vt, 5',,), 

*»^*r= E a'ka{r,0){^{r)DerDl (1.15) 

/e+|a|<m 

with 

5^5,^aL eL°°((i?,+oo) xifj, 
for all j, (3 and all (s . Here we used the standard notation = uo^ ^ and — v o 5*7^ . 

By (|1.4p . p.Sp and (|1.14p . we see that -Ag e Diff^„(A1) and that its principal symbol takes 
the following form in V^, for /, e /qo, 

p^(r, e, p, w{r)Tj) = G^\r, d)p^ + 2G^''{r, 9)pw{r)r,k + G^\r, d)w{rfr,,r,k, (1.16) 

using the summation convention for j, fc > 2. Here and below p and rj denote respectively the dual 
variables to r and 9. If t G /comp, the principal symbol of — Ag in Vt takes the standard form 

P2i^,0=9"'(.x)^j^k (1.17) 
for some smooth {g^'^{x)) such that g-'^{x)S,jS,k ^ |CP for C G locally uniformly with respect to 

X. 

Remark. Recall that, if t e /qo, the principal of — Ag is given by p.l6p but not by P2 itself (see 
the factor w{r) in the left hand side of p.l6p ). This notation (which is perhaps confusing) will be 
convenient to state Theorem II .51 

Lebesgue spaces. We now describe volume densities. In coordinates (r, 0) at infinity, the Rie- 
mannian volume density associated to g, denoted by dg, reads 

dg = u;(r)i~"(det Gunif (?■, 9))^^^drd9, (1.18) 
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where, for r > R and locally uniformly with respect to 6, p.Sp yields 

detGu„if(r,0)«l. (1.19) 

Define another density dg on A4 by 

Tg^w''-\r)dg, (1.20) 

we then have 

LP{M,dg) ^w'^{r)LP{M,dg), pe[l,oo). (1.21) 
The map u i— > ?i;(r)("~^)/^u is unitary from L^{J^,dg) on L^{Ai,dg) and the operator 

Ag := w(r)T^A<,«;(r)'^, (1.22) 
is symmetric on C^{A4) with respect to d^H By p.Sp . we have 

A, e Diff^(X). 

Note that, for all i G /qo and all (s VI (see p.9p ). we have the equivalence of norms 

II"IIlp(a^,S,) ~ ll"°*r^llLp(K",drde), supp(Mo^'-i) c (i?, +oo) xiC^, (1.23) 

for p G [1, cxd]. This is a simple consequence of (|1.19p . On compact subsets, the same equivalence 
holds trivially. For the measure dg, we have, if t G loo, 

MlL^Mda)"^ u;(i-")/P(r)iiov|/-i supp(u o c (i?, +00) x if,. (1.24) 

Pseudo- differential operators. We now define a class of semi-classical pseudo-differential oper- 
ators associated to the partition of unit (jl.lOp . We will choose symbols 

a' G ^^(V, X M"), 

where Vt C M" is defined by (|1.9p if t G loo- By definition, this means, if i G loo, that for all 

\d^,d^d^pd^a'{r,9,p,i^)\ < C(l + IpI + |j7|)"-'=-l^l, r > R, eeK,, peR, rje M"-\ 
and, if i G /comp, that for all /C^ <£ Vt, 

|a,"9fa'(x,C)| < C{1 + |e|)"-l^l, X G /C„ e e K". 

In both cases, the topology of S'™(Vt x R") is given by the best constants C which define semi- 
norms. 

We basically would like to use operators of the form 

a'-{r,9,hDr,hw{r)D0)xi, ii l e loo. 



^Ag and Ag are respectively essentially self-adjoint on L^(A4, dg) and L^{A4, dg) from Cq°(A1) and thus unitarily 
equivalent. 



(see (|2.ip below) and 

-^comp 7 

where Xi. is defined by (jl.lip and h S (0, 1] is the semi-classical parameter. Actually, we need 
to consider properly supported operators so we construct first suitable cutoffs near the diagonal. 
Choose a function ( e C^(R") and e > such that 

C{x) = 1 for 1x1 < e, C{x) = for l^l > 2e. (1.25) 

For 6 G /oo, the function 

(r, e, r', 9') := x.(r', ^')C {{r, 0) - (r', 0')) , (1-26) 

is smooth on E^" and, if d VI is an arbitrarily small neighborhood of supp(Kt) fsee lLlS]) ). we 
may choose e small enough such that 

supp(xf) C ((i?,+w) xi^,)^ (1.27) 

Proceeding similarly for l e /comp, we obtain a family of functions (xi)<.G/ supported close to the 
diagonal of M^", with also supp(xf) C Vt x Vt, and such that 

xL , = X.- (1-28) 

^ [diagonal 

Definition 1.4. For e S'^(Vl x M"), the pseudo- differential operator 

op:,,,(a'):Co°°(M")->Co~(V.) 

is the operator with kernel 

(27r)^" J j e*('^~'-')''+*(^-^')-''a'(r, 9, hp, hw{r)r])dpdT] x xH^, 0. r',9'), if i e loo, (1-29) 
{2nr' f e'^^-^'^<a'{x,hOd^xx^{x,x'), j/^e/comp. (1.30) 



In other words, op^^(a'^) is obtained by multiplying the kernel of a'^{r,9,hDr,hw{r)Dg)xL 
(resp. of a'(x, hD,)x.) by C(('^, " (r' , 9')) (resp. by C(x - x')). 

If TO < —n the integrals in (II. 29^ and ()1.30|) are absolutely convergent, otherwise they must be 
understood as oscillatory integrals in the usual way. That op^ ,j(at) maps C^(M") into C^(Vt) 
follows from the construction of xf • Note also that 

op^^A^) = X., (1.31) 

since the oscillatory integral is the Dirac measure along the diagonal and x^{^, ^'i = X^if' , 9') 
for |r — r'l + 16* — 0'| small enough. 

Remark. Note the factor ■w{r) in front of rj in the amplitude of (|1.29p . The choice of notation 
of Definition 11.41 is thus consistent with the expressions of the principal symbol of — Ag given by 
(mH) and (fTTTl) . 

We are now ready to state our results. We consider 

^gS'"'"(M), (t>0, 

that is |v?('^'(A)| < Ck{\)^'^^^ ■ The best constants Ck are semi-norms defining the topology of 
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Theorem 1.5. Let P denote either — Ag or — Ag. For all N > 0, the following holds: 
ifiih^P) = J2 Qn{P, v. h) + h^'+'UNiP, V. h), h e (0, 1], 



where, for all t G /, 



AT 



^,M'j,iP,^,h)^:^Y.^'''<hia'j: 

J=0 



with symbols Oq, . . . , aj^ of the form 



k<k(j) 



using the functions P2 given by 111.16]) for l e loc and \1.11^ for l G /„ 



(1.32) 

Here k{j) < c» and 



is polynomial in the momentum variable (dj^. =0if2k — j<0) and independent ofip. 

In addition, for all m,ni' G N, all A G D\S^{M), B G Diff^' {M), all p G [2, oo] and all N 
such that N > n — 2a + jn + m' , we have 



h'''AnN{-Ag,ip,h)h"' B 

and, for P = — Ag, 

^u(r•)'^-'^/^™A7^^r(-Ag, h)h'''' B 
both fork G (0,1]. 



L^(M,dg)^LF(M,dg) 



< h-<^-i). 



(1.33) 



L^{M,dg)^LP(M,dg) 



< h-<^-p), (1.34) 



This theorem roughly means that, near infinity, ip{h'^P) is well approximated by pseudo- 
differential operators with symbols of the form a(r, 9, p, w{r)ri). The principal symbol is for instance 

f{P2if,d,P,w{r)i])). 

Note that, when (p G C^(M), this symbol is compactly supported with respect to p but not 
uniformly with respect to rj: if w{r) — > as r — > oo, rj is not confined in a fixed compact set, since 
we only have \r]\ < w{r)^^. 

The estimates (fOS)) and (IQi]) follow from the Sobolev embedding D{{-Ag)'') C L'^iM) for 
k > n/A (see Proposition [5TTl|) and, to that extent. Theorem 11.51 is an theorem. 

We now consider the properties. Recall first a classical definition 

Definition 1.6. A function W : R ^ (0, +oo) is a temperate weight if, for some positive constants 
C,M, 



W{r')<CW{r){l + \r-r'\Y\ r,r' e 



(1.35) 
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The meaning of this definition is that W can neither grow nor decay too fast. For instance 
if d}'w~^ / dr^ is bounded on M, w is a temperate weight. This is an elementary consequence of 
Taylor's formula to order k and of the fact that \<Pw~^ /dr^\ < w"^, by p.Sp . 

The operators o\i\^j^{a'-j) of Theorem 11.51 are bounded on LP{M,dg), LP{M,dg), or more gen- 
erally on LP{M, W{r)dg) and LP{M, W{r)dg) for all temperate weight W and all p £ [1, oo] (see 
Proposition [53]) . We therefore focus on the remainder terms TZn{P, h). 



Theorem 1.7. For all N > 0, all temperate weight W and all 1 < p < oo, 



W{r)-^TZN{~Ag,^,h))W{r) 



<C. 



N,p,ip,Wj 



h e (0,1]. 



LP{M,dg)^LP(MAg) 

The constant Cm,p,ip.w depends (linearly) on a finite number oj semi-norms of (p Cz S^'^iM) 
Corollary 1.8. For all 1 < p < oo and all temperate weight W , 



(1.36) 



W{r)-^^p{~h'^Ag)W{r) 
Equivalently, we have 

W{r)~^w{r)^~^ ip{-h'^ Ag)w{ry 



LP{M,dg)^LP{M,dg) 



h e (0, 1] 



'-W{r) 



LP(M,dg)^LP(M,dg) 



< 1, 



Observe that Theorem 11.71 and Corollary 11.81 hold in particular if w{r) 



h e (0,1]. 



in which case 



ip{—h?lS.g) is in general not bounded on U'{M.,dg). Theorem 11.71 is a consequence of a stronger 



result, namely Proposition 13.81 showing that, in any chart, the resolvent (z — A^)"^ is a pseudo- 
differential operators whose full symbol belongs to a suitable class. Since this result is of more 
technical nature, we prefer not to state it in this part. 

If the function w itself is a temperate weight, for instance if w{r) = for r large. Theorem 
1.71 also implies the following result. 



Corollary 1.9. If w is a temperate weight, then for all temperate weight W, all N > and all 

1 < p < oo, 



\W-\r)nN{'Ag,ip,h)Wir)\ 



LP{M,dg)^LP{MMg) 



< a 



N,p,ip,Wj 



h e (0,1] 



(1.37) 



The constant Cn,p,ip,w depends (linearly) on a finite number of semi-norms of ip £ S '^(R). In 
particular, 



\W{ry^ip{^h^Ag)W{r)\ 



\LP{M,dg)-*LP{M,dg) 



<1, 



h e (0,1] 



(1.38) 



Of course, (|1.38p holds with W — 1. As explained in the introduction, this last result can be 
considered as essentially well known (see for instance [22] for h = 1). We quote it to emphasize the 
difference with CoroUarv 11.81 where w is not assumed to be a temperate weight. It follows directly 
from Theorem 11.71 using (|1.2ip , (ll.22p and the fact that products or real powers of temperate 
weights are temperate weights. 



2 Parametrix of the resolvent and applications 

In the main part of this section, namely until (|2.19p . we work in coordinate patches U,, of the form 
(fT3)) (ie with L e loo). 
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2.1 Elementary pseudo-differential calculus 

In this part, we give elementary composition formulas and the related remainder estimates for 
pseudo-differential operators of the form opj^ hi^)- ^^^^ ^'^^^ develop a systematic study of the 
symbolic calculus but only record the basic results required for the calculation of parametrices of 
(z - /i^Ag)-! and [z - h^Ag)-\ 

For n C R^, Z? > 1, Cj^i^) will denote the space of smooth functions bounded on Q as well 
as their derivatives. 

For b e 5,'"(V,, X M") and h e (0, 1], we set 

[b{r, 0, hDr, hw{r)Dg)v] {r, 9) = (27r)-" / / e'^'''P+''-''''^b{r, 0, hp, hw{r)r])v{p, r])dpd7] (2.1) 



with v{p,0) — JJ e ^^■^'v{r,9)drd9 the usual Fourier transform. In the special case of a poly- 
nomial symbol in p and rj, a{r, y, p,"/]) — 9)p^rj°', we have 

a{r,0,hDr,hw{r)Dg) ^^aja{r,9){hw{r)DeT{hDr)\ (2.2) 

where one must notice that and 'w{r)Dg don't commute. 
We have the following elementary result. 

Proposition 2.1. Let a £ S'™i(V, x M") be polynomial m {p,T]) and let b e S"'''{V, x R") with 
1712 £ R. We have 

mi 

a(r, 9, hDr, hw{r)Dg)b{r, 9, hDr, hw{r)Dg) = ^ h\a#b)i{r, 9, hDr, hw{r)De) (2.3) 

1=0 

where, if we set 

A„ =Dr + —-^f] ■ D^, 

w(r) 

the symbol {a#b)k = {a#b)k{r,9, p,7]) e 5™i+"'2-fe(v, x R") is given by 

When w = 1, this proposition is of course the usual composition formula for pseudo-differential 
operators. Note that, since a is polynomial of degree < mi, we have {a=ffb)i = for / > mi and 
the composition formula is exact (there is no remainder term). 

Remark. A simple induction shows that the operator D(^ is a linear combination of 



w{r) J \ w{r) 

with ji H \-jk + k + l= j, \a\ < fc and fc > 0. If A: = then (w'/w)^^^^ ■ ■ ■ (w'/wY^"'' = 1. The 

notation [w' /wY^^^ stands for the j'^-th derivative ofw'/w with ji > 0. 

Proof of Provosition \2.1\ Applying the right and side of (|2.2p to (|2.ip . the result follows from the 
Leibniz rule and the fact that 

Dr {b{r, 9, hp, hw{r)r])) = {D^b) [r, 9, hp, hw{r)ri). 
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We omit the standard details of the calculation. That {a#b)k belongs to 5'™i+™2-fe(y^ x M") 
follows from (fTH)) using ((Ti)) . □ 



We next consider the pseudo-differential quantization op'^ ^(•) given by (|1.29p . 

Proposition 2.2. Let a e 5'™i(V, x R") be polynomial m {p,-q) and let b G 5"^(Vt x R") with 
7712 G R. Let W be a positive function on R such that 



W{r) < CW{r'), 



r'l < 1. 



(2.5) 



Then, for all N > 0, 

air, 9, hDr, hwir)Dg)op'^^„{b) = ^ h'op[,^^ ((a#&)0 + h^+m'^ih, a, b). 



where, for all fci, fc2 G N, all Ai G DiffJ^i A2 G Diff^^ (M) and all p G [1, 00], 



W{r)Ai^:R'i^{h, a, b)^,,A2W{r)-^ 
wir)^W{r)Ai^:R'j^{h, a, 6)*,,A2M^(r)-i 



LP{M.dg)^LP(M.dg) 



< 1, 



L2{M,dg)^L°-={M) 



< 1, 



(2.6) 
(2.7) 



for h G (0, 1]. More precisely the norms in i2. 6]) and \2.T^ are controlled by a finite number of 
semi-norms of a and b independent of h. 



Note that the condition (|2.5p is satisfied if is a temperate weight but also by any power of w. 
In particular, W{r) = e^^ is a possible choice although it is not a temperate weight. In particular, 
()2.6p and (|2.7p are respectively equivalent to 



W{r)AiXRNih, a, b)-^ ,,A2W{ry^ ^ 
W{r)Ai-^*jt^[h, a, 6)*„A2iy(r)-i 



LP{M,dg)~*LP{M,dg) 



<1, 



L^{M,dg)^L-^{M) 



<1, 



(2.8) 
(2.9) 



They are simply obtained by replacing T4^(r) respectively by Vl^(r)w(r) p and W{r)w{r) 2 which 
both satisfy (ITS]) . 

By opposition to Proposition l2.H we now have a remainder. It is due to the derivatives of cutoff 
near the diagonal in the definition of op^, f^{-) but not to the tail of the expansion J2i h''{affb)i for 
this sum is finite. 

Before proving this proposition, we state two lemmas which will be useful further on and whose 
proofs are very close to the proofs of the estimates (I2.6P and (12. 7p . 

Lemma 2.3. Let c G S™{V^ x R") with m < and let W be a positive function satisfying i2.5]) . 
Then, for all p d [1, 00], we have 



|W-(r)op^,ac)W^M-^IL.(«„)_^.(«„) 



<1, 



h G (0,1] 



Proof. Consider first the case where W = 1. If c is the Fourier transform of c with respect to p, rj, 
the kernel of op^ ^ (c) reads 

C.{r, e, r',&, h) = h-Mry-c (r, 9, ^) {r, 0, r' ,9'). 
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For {r,e) G V„ c(r,6',.,.) G (M;J„), with norm uniformly bounded with respect to {r,9), 

thus c{r,6,.,.) belongs to a bounded subset of Lj^ci^^fi f/) Young's theorem. Therefore, for all 
A'' we can write 

\c{r,9J,f,)\<CN{l + fo{r,9,p,f,)){\p\ + \f,\ + l)-^, {r,9)eV„ /5 G R, 77 G IR"-\ (2.10) 

with /o(r, 9, ., .) bounded in Ll^^piW^-) Thus, the family c(r, 9, ., .) is bounded in L^W} .). Ele- 
mentary changes of variables show that 

sup / / \C,{r,9,r',9',h)\dr'd9' <1, sup / / \C,{r,9,r' ,9' ,h)\drd9 < 1, 

for /i G (0, 1]. Recall that is globally defined on R^" so the above quantities makes sense. The 
result is then a consequence of the standard Schur lemma. For a general W the same proof applies 
since we only have to multiply the kernel by the bounded hmction W{r)xj(r, 9, r' , 9')W{r')~^ 
on the support of which r — r' is bounded. □ 

Lemma 2.4. Let c G S'™(V,, x K") with m < —n/2 and let W be a positive function satisfying 
Km . Then 

"w{r)'^W{rW^,,,{c)W{r)-^ ^ ^ /iG(0,1]. 

L2(R")-,L°=(R") 



Proof. With the notation of the proof of Lemma 12. 3[ the result is a direct consequence of the 
estimate 

sup / / \w{r)'^W{r)C,{r,9,r\9',h)W{r')-^\^dr'd9' <h-'', /i G (0, 1] 

(r,e)eR" JR JR"-i 

which follows again from elementary changes of variables, using that c(r, 9, .) belongs to a bounded 
subset of L^(K") as (r, 9) varies and that W{r)/W{r') is bounded on the support of C^. □ 

Remark. The proofs of both lemmas still hold if the kernel of opj;^ ^ (c) is multiplied by a bounded 
function. We shall use it in the following proof. 



Proof of Proposition \2.'A We may clearly assume that ()2.2p is reduced to one term. Applying this 
operator to ()1.29p (with a = 6) on the r, 9 variables, we get the kernel of /I'^op^ ,j ((a#6)fc) 
(using Proposition 12.11) plus a linear combination of integrals of the form 

aja(r,0) / / e'^'-'''^P+''^'^''>'^-'\hpy^{hr^Y'{d^^-D^^h){r,9,hp,hw{r)7^) dpdridi'd'^'xi{r,0,r\9') 



where ji + j2 + js = j, ai + Q!2 + 0:3 = a and js + lasj > 1. The latter implies that d^^dg^xi is 
supported in \{r,9) — {r',9')\ > e which allows to integrate by parts using \{r,9) — (r', 0')|~^Ap_^. 
We thus obtain integrals of the form 

/ f e^(^-^>+^(-^') "c.(., 9, hp, hu^ir),) ^P^. , I' (^y) ,1 (2.11) 

with N as large as we want, cat G 5™+I"I+J-2A^(v, x M") and Bn G Cj^{R'^'') with support in 
{e < \{r,9) — {r' ,9')\ < 2e}. With no loss of generality, we may assume that 

- {wir)DgfD';, ^,,A2^: = {w{r)Dgf' D"; . 
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Applying {w{r)DeY D'^ to (|2.1ip yields an integral of the same form, using the boundedness of 
w and its derivatives. To apply (the transpose of) {'w{r')Dg')^ D'^, to the kernel of Rj^{a,b,h), 
we rewrite this operator as {w{r')/w{r)y^ ^{'w{r)Dg>)^ D^, . We still obtain integrals of the same 
form as (I2.11|) multiplied by derivatives of {w{r')/w{r)y^ L By (II. 7|) . these derivatives are bounded 
since |r — r'| < 2e on the support of Bj^. Then (|2.6p and (|2.7p follow respectively from the proofs 
of Lemma [531 and [231 □ 



So far, we have considered composition with differential operators to the left. Since our opera- 
tors are properly supported, the composition to the right can be also easily considered. 



Proposition 2.5. Let a and b be as in Provosition \2. 2\ and let W be a positive function satisfying 
^2.5]) . Then, for all N > mi + m2 + n, we have 



N 



op'^^^{b)a{r, e, HDr, hw{r)De) - ^ h'o^^^ ,^ {ci) + h^'+^R'j.ih, a, b) 

;=o 

with ci G S'™^^'"^~'(Vt X M") depending continuously on a and b, and Rj^jih, a, b) an operator with 
continuous kernel supported in V,, x V^. Moreover, for all N, all fci, ^2 G N such that 

N > mi + TO2 + n + fci + fc2, 

all Ai e Difrt'(A^), A2 e Difr^^(A^) and for all p G [1, 00], we have 

||W^(r)Ai*:S5,(/i,a,6)vI/,,A2M^(r)-i||,,,^ ~, < 1 

W{r)w{r)^Ai^:R'j^{h, a, 6)*„A2M^(r 



LP{M,dg)^LP{M,dg) 

<1, 



for h G (0, 1]. More precisely, these norms are controlled by a finite number of semi-norms of a 
and b independent of h. 

We will not need the explicit forms of the symbols q since we will only use this proposition for 
the analysis of some remainder terms. 

Note also that the estimates on R^ih, a,b) have analogues with respect to the measure dg, 
similar to (12.81) and 



Proof. We have to apply the transpose of a{r' ,9' ,hDr>,hw{r')Dgi) to the Schwartz kernel of 
opJi, hi^)- F'o'^ simplicity we assume first that a{r' , 9' , p, rj) = w[r')rji. By Taylor's formula, we have 

^lu;0")(r),, (r'-r)^+i (r + i(r' - r)) , 



j\ w{r) N\ Jq 'w(r) 



Integrating by parts with respect to p in the kernel of opj^ ^ (6) , the principal part of the Taylor 
expansion yields the expected expansion with 

1 w^^'> (r) 

ci{r,9,p,ri) = —D-'b{r,9,p,'n) t--Vi- 

j\ ' w[r) 

The remainder is given by two types of terms: first by the derivatives Dgi^ falling on 9, r' , 9'), 
which yields kernels of the form (j2.1ip , and second by the remainder in the Taylor formula thanks 
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to which we can integrate by parts N times with respect to p. In this case, we get a kernel of 
the form fTTT]) . with N instead of 2N and a symbol cat G 5'™i+™2-JV^y^ ^ ^ny gj^^^g r - r' is 
bounded on the support of x^, w(^-'(r + t(r' — r))/w{r) is bounded too, uniformly with respect to 
t € [0, 1], and the study of the remainder is similar to the one of Proposition 12.21 By induction, 
we obtain the result if a = {w{r')r])°' . Derivatives with respect to r or multiplication operators are 
more standard and studied similarly. □ 

2.2 Parametrix of the resolvent 

In this subsection, we construct a parametrix of the semi-classical resolvent of an operator P E 
Diff^(A^). Recall that this means that P is a differential operator of order 2 such that, in any 
chart at infinity, 

2 

*»^*r -E^'2-fc(^,^,A.,i«w^e) (2.12) 

fc=0 

withp^_j^ e Sf-''{V, X R"). 
We assume that 

P is locally elliptic, (2-13) 

ie, in any chart, its principal symbol Pp,.{x, £,) satisfies |ppr(x, ^) | > for ^ S R", locally uniformly 
with respect to x. If l G loc , using the notation (|2.12p . we furthermore assume that, for all K^^ (e VI 
(see (HH)), 

\P2{r,0,p,v)\>p^ + \r,\\ r >i?, 0eX„ PGR, 77eR"-i. (2.14) 

Note that this is not a lower bound for the principal symbol of ^f^P^*, namely ^2(^1 ^^ ^(^)'7)j 
whose modulus is only bounded from below by p^ + z/;(r)^|r/p. This is nevertheless the natural 
(degenerate) global ellipticity condition in this context. We next define C C C as 

C = closure of the range of the principal symbol of P (2-15) 

which is invariantly defined for the principal symbol is a function on r*A^. We assume that C ^ C. 
In the final applications, with P = —A or — A^, we will of course have C ~ [0, +00). 
We now seek an approximate inverse of h^P — z, for h G (0, 1] and z G C \ C 

We work first in a patch at infinity. Using the notation of (|2.12p . we set for simplicity 

Observe that po,pi don't depend on z but that p2 does. We then have 

2 

hH,,P^: -z = Y, h''p2-kir, 9, hD,, hw{r)Dg). 
For a given > 0, we look for symbols q-2, 9-3, • ■ • , <1-2~n satisfying 

(^^h''p2-kir,9,hDr,hw{r)De)^ ( E '^'°P-,'«(9-2-j) j = X. + 0{h''+'), (2.16) 
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where Xi. is defined by (|1.12p and where 0(^1^+^ ) wiU be given a precise meaning below. Of course, 
we need to find such a family of symbols for each patch, ie q~2-j depends on i, but we omit this 
dependence for notational simplicity. By Proposition 12.21 the left hand side of (|2.16p reads 

k+j+l<N 

where 

R'Nih,z)= J2 h''+^+'-^-'opi,j,{{p2^k#q^2-j)i) + J2RN{h,h'^P2-k,h^q-2-,), (2.17) 

k+j+l>N+l k,j 



with Rjy defined in Proposition 12.21 In the above sums, we have 0<fc<2, 0<j<A^ and 
< I < 2. Thus, by (11.3ip . requiring (j2.16p leads to the following equations for q^2, ■ ■ ■ , q-2-N 

^ {P2.,#q.2-,)l = \l 'I'^l^' 0<^<iV. 

This system is triangular and, since (a^6)o = ab, its unique solution is given recursively by 

9-2-i = — - ^ {p2-k#q-2-ji)i forj>l. 



1 

9-2 = — , _ 

P2 P2 



Proposition 2.6. For all j > I, q-2-j is a finite sum (with a number of terms k{j) depending on 
j but not on z) of the form 

Hi) , 

_ ajk 

k=l ^2 

where, for each k, djk G S'f'=-J'(V, x M") is a polynomial in p, rj which is independent of z (in 
particular djk = when 2k — j < Q). More precisely, the coefficients of these polynomials are linear 
combinations of products of derivatives ofw, w'/w and of the coefficients ofpo,Pi and d'^p2 with 
a ^ 0. 

Proof. This follows from an induction using (|2.4p and the fact that, for any multi-index a 7^ 0, 
{1 / p\^^) is a linear combination of 

ZJ+k+k' ' 
P2 

with ai + ■ ■ ■ + ak' ~ ol, 1 < k' < \a\ and 7^ for alH G {1, . . . , k'}. □ 
With the notation ()2.17p . we set 

7^5v(/^,2) = ^:i?5v(/l,2)*»• 



Lemma 2.7. Let d/j, denote either dg or dg. Then, for all positive function W satisfying S2.5]} . all 
p e [1, 00] and all N > 0, there exists v > such that, for all A G Dif[^(A^) and B G DiffJ^* (-^) 
with m + m' — N < 0, we have 



W{r)h"'An'^{h,z)h"' BW{r)-^ 
for all h £ (0, 1] and all z ^ C. 



( 1 + 

LP{M,dfi)^LP{M,dfi) \dist(z,C) 



< 
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Proof. Wc first assume that A = B = 1 (and that to = m' = 0). By (|1.27p . the kernel of R'j^{h, z) 
is supported in {{R, +00) x ifj^ for some A'^ (e V^. Thus, using the equivalence of norms (|1.23p . 
the result, with dfj, = dg, is a direct consequence of the bound 



\Wir)R'i^ih,z)W{r)- 



\LP( 



< ( l + l^l 

^)^LP(R-.) ^ l^dist(z,C) 



/ie(0,l], ^^C, 



(2.18) 



which follows from Proposition 12.21 and Lemma 
S~'^~^{y^ X R") is bounded by some power of (1 
[2^ and 



1 



rj 



P2 



once noticed that each semi-norm of q-2-j in 
z|)/dist(z,C). The latter is due to Proposition 

1 + 



-P2 



< 



dist(z,C)^ 



in which we used (|2.14p . When d/i = dg, we use the equivalence (|1.24p so that it is now sufficient 

to get the bound (|2.18p with i?5v(ft., z) replaced by 'w{r)~p~ R''j^{h, z)'w{r)~p~ . The latter is clear for 
this amounts to multiply the kernel of R']^{h,z) by {w{r')/w{r)Y'^~^'>/P (which is bounded, using 
the boundcdness of r — r' on the support of and ()1.7p ) so the (proofs of) Proposition 12.21 and 
Lemma [^751 still hold. 

For general A and B, we use Propositions 12.21 and 12.51 so that we are reduced to the previous 
case with an operator of the same form as R''pj{h,z) except that the symbols of the first sum in 
(PTf|) now belong to S'-^+™+™'(V, x R"). We can apply Lemma to this term and the resuh 
follows. □ 



Let us now define 

N 

i=o 

Then, with given by (jl.lOp . we obtain the relation 

[h^P ~ z)Q'j^{h,z) = f, + h''+^n'j^{h,z). (2.19) 

So far, we have always assumed that t e loo, ie worked in patches at infinity, but the same 
analysis still holds for relatively compact patches, ie for l e /comp- We don't give the details of the 
construction in the latter case for two reasons: the first is that this is essentially well known for 
this is like working on a compact manifold and the second is that the proofs are formally the same 
with the simpler assumptions that u; = 1 and that Xt is compactly supported. 
Thus, by setting 

then summing the equalities (|2.19p over / and using p.lOp , Lemma 12.71 gives the following result 
where we recall that C is defined by (j2.15p . 

Theorem 2.8. Let P G Diff^(A^) be a second order differential operator satisfying 112.1 3\) and 
PJ^p . Then, for all N > 0, we have 

{h^P - z)QN{h,z) ^l + h^+'^nN{h,z), he [0,1], ziC. (2.20) 
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// dfi denotes either dg or dg, and m, m! G N satisfy m + m' < N , then for all p G [1, oo] and for 
all positive function W satisfying i2.5]} . there exists > such that, for all A £ DifFj^(A^) and 
B G DifC'(A4), we have 

W^(r);^"A7^Jv(/^,z)/^™'BTy(r)-l < f _l±JfL^ (2.21) 

for all h G (0, 1] and all z ^ C. 

This theorem gives a parametrix of the resolvent of h^P under the natural elHpticity conditions 
(|2.13|) and ()2.14p (recall that if w is not bounded from below, this corresponds to a degenerate 
ellipticity) . 

From now on, we assume that 

P is self-adjoint with respect to d^ — dg or dg. 

This condition is actually equivalent to the symmetry of P on C^{M). Indeed, (|2.20p and (|2.2ip 
implies that h^P ± i is injective for h small enough, which shows that P is essentially self-adjoint. 
The resolvent [h'^P — z)~^ is then well defined for all 2; ^ R and 

{h^P ~ z)-^ = QN{z,h)-h^+^{h^P - zY^TlNiKz), z^R, ;iG(0,l]. (2.22) 

Theorem 12.81 implies, for z ^ i, that in the operator norm on L^{Ai, rf/i), we have 

{h^P - ^)-l (1 + 0{h^+^)) - QN{h, i) 

and thus, for some ho > small enough and some bounded operator Bi on L^{Ai, dji), we get 

{hlP-i)-^ = QN{i,ho)Bi. 

More generally, for fc > 1, we can write 

{h'p-z)-'^j^dt\h'p~zr' 

so applying (fc - lyr^d^'^ to (P?^ shows that {h'^P - z)-^ reads 

fc-i 

(fc - ly.-^d'^-^QNiz, h) + h^+\h^P - z)-^- -{h^P - zydiTZN{z, h), (2.23) 

j=o ^' 

using the holomorphy of Qn{z, h) and TZn{z, h) with respect to z G C\M which standardly follows 
from Proposition 12.61 Therefore, by choosing N large enough so that the sum above is bounded 
on (uniformly in h) and choosing then h = ho small enough, we obtain 

{hlp - ty'' = (k- iy.-^dt^QN{z, hoy^^.Bk, (2.24) 

for some operator Bk bounded on L^{A4, d/i). 

Lemma 2.9. For all A G DiSf^iM), Ad^~^ Qn{z, ho) is bounded on L'^{M,dg) and L'^{M,dg). 
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Proof. Consider first the case of dg. By Proposition 12.61 for all l ^ I, :— d^^^ Q'js^{z, ho) is of 
the form ^TopJi, for some symbol q^, G S^'^'^iVi. x R"). A direct calculation shows that 
\E't*^5'*op5;„ has a kernel of the form 

with a' G C|^(M"^"). Hence, the corresponding operator is bounded on i^(R") by the Calderon- 
Vaillancourt theorem and thus its puUback AQ^, is bounded on L^{M,dg). The boundedness of 
AQ, on L'^{M,dg) is equivalent to the one of w(r)(i~")/2 AQ,w(r)(n - l)/2 on L'^{M,dg). The 
latter follows from the same reasoning using since u'(r)^^^"^/^ ^^(r)'"^^^/^ G Diff^'^(A^) and Qi is 
properly supported. □ 

Using (|2.24p . Lemma [^751 and the Spectral Theorem, we obtain the following result. 

Proposition 2.10. Let P G DiS^{A4), satisfying and < \2.14h self-adjoint with respect to 

d/i — dg or dg . Then, for all k > 1 and all A G Diff^'^(A^), we have 

-)"1L^(^,.,)^L^(A.,..) ^ ^ ^ ^' ^ ^ (0,1]. 



In the same spirit, we will prove the following Sobolev injections. 

Proposition 2.11. Let P be as in Provosition \2. lO\ and let k > n/A be an integer. Then, if P is 
self-adjoint with respect to d/i =^ dg, we have 



IKh-'P-z) ''\\L^(M4g)-*L'^{M) ^ h ^ 



Im z\' 



^R, /ig(0, 1]. 



// it is self-adjoint with respect to dfi = dg, we have 



\w{r) — {h^P^z) 



-fci 



\L^{M,dg)^L'=-(M) ^ llm^lfc^ 



^R, /lG(0, 1]. 



Of course, by taking the adjoints, we have the corresponding L^ — > L^ inequalities. 

Proof. We assume that d^ = dg. By (|2.24p . Lemma [2^ with W{r) = w{r)^~ and the equivalence 
of norms (Umi), {hlP-i)-'' is bounded from L'^{M,dg) to L°°{M). Therefore, using the spectral 
theorem, 



\\{h^P~i) ^\\L'^(M,dg)-^L="(M) < C 



{h^p-iY 



< h 



-k 



L^(M,dg)-*L°°{M) 



Using [7.231 with z — i and N large enough, the estimate above improves to 

\\{h^P - ir''\\L-^(M,dg)^L--(M) S /J^"^^, 

using again Lemma 1 2. 41 for the principal part of the expansion. We then obtain the result from the 
estimate 



The case of d/i = dg is similar. 



L^(M.dg)^L^(M,dg) 



|Im(z)|* 



□ 
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2.3 Proof of Theorem [T3] 

We shall use the classical Helffer-Sjostrand formula 



ip[H)^- d^{x + iy){H -x-iy)-^dxdy (2.25) 



with d = {dx+idy)/2, valid for any self-adjoint operator H. Here (p G C°°(C) is an almost analytic 
extension of ip, ie such that = p and dip{z) vanishes to sufficiently high order on the real axis. 

A justification of this formula for (p € C^(M) can be found in fTD . It is shown in [TU] that, if 
ip G 5'-'^(M) with a > 0, ([2:251) holds with defined by 

^PMix + ^y) = Xo(2//(x))E/^"(^)^, (2.26) 

fc=0 

with M > 1 and xo G C'o°(-'^) such that xo = 1 near 0. With this choice, one has 

\dpM{x + iy)\<\y\''/{xr+'+''', x,yeR. (2.27) 
This implies in particular that, for all integers J^i > 1, 1^2 > and M > 1^1 + 1^2, we have 

\dpMix + iy)\ X \yr^ (^i±M±M^ " dxdy < 00, (2.28) 

which is easily seen by splitting the integral into two parts, where |?;| < 1 or |y| > 1, using the fact 
that \y\/(x) is bounded on the support of ipM in the latter case. If cr > 1 and M > v, we also have 

\d^M{x + iy)\ (l±M±M\ dxdy < 00. (2.29) 



Proof of Theorem [731 Let t G /. The form of vE'„Q5v(P, /i)\E'*, namely (|1.32p . simply follows 
by plugging the expansion (|2.22p into (|2.25|) and applying Green's formula. For the latter we use 
Proposition 12.61 (recalling that p2 = P2 ^ z). All the integrals makes sense by ()2.28p if we choose 
Pm with M > maxj<7v(fc(i) + !)• 

Let us now prove (|1.33p and (|1.34p . Since the proofs are very similar we only show (|1.34p and 
thus consider P — — Ag. Fix > 0. For N' > N and M large enough, both to be chosen later, 
we set 

TZN'{P,p,h) ^ - [ [ dsipM{x + iy){h^P -x-iy)-^'RN'{x + iy,h)dxdy. (2.30) 



We next fix two integers k > n/4, rh > m/2, and rewrite h™A{h^P — z) ^ (with z = x + iy) as 
{h'^P - {{h'^P - ifh"'A{h^P - 2)-*^-"} {h^P - z)-\h'^P - 1)^=+™. (2.31) 

Using Proposition l2.101 the term {• • • } is bounded on L^{M.,dg) uniformly with respect to h. On 
the other hand, by Theorem 12.81 there exists 1^2 > such that 



(h'P-ir+'"nN'(z,h)h"' B ^ _<(z)''V|Ini^ 



V2 
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for z ^ M and h G (0, 1], provided 

N' > m + 2(k + m). 
By Propositions 12. lOl and [2TTT1 we therefore get, for p G {2, oo}, 



(2.32) 



< 



L^{M.dg)^LP{M,dg) ^ |Im z\ \ |Im z\ 



where the extra power of |Im(z)| ^ comes from the term {h^P — z) ^ in (|2.3ip . Using (|2.28p . this 
estimate clearly proves that, for p G {2, oo}. 



yj(r) -K'^ATIn' {P. V, h)h"' B 



< /i-"(V2-i/p) 



L^iM,dg)^LP{M,dg) 

if we choose M > 1^2 + I in (|2.30p . Then, define Qnn'{P, f, h) by 



(2.33) 



Using the explicit form of Qnn'{P, ^), namely the fact that its symbol is a linear combination 
of terms of the form a(r, 6, p, w{r)ri) with a G S'-^cr-Af (^^i^ig^ jg (j^^; (ji,32p '). one has 



w{r)- -h"'AQNN'[Vih)K^ B 

which is consequence of Propositions 



L^(M,dg)^LP{M,dg) 

and of Lemmas 12.31 and 



Since 



7^^^(F, h) = h^'-'^TlN' {P, h) + QNN'iP, h), 



(2.34) 



by choosing N' such that N' ~ N ~ 2k > -n/2 + n/p and ([2?32ll holds, we get (fOij) for p = 2 or 
00. The other cases follow by interpolation. □ 

3 LP bounds for the resolvent 

Consider a temperate weight W in the sense of Definition 11.61 The main purpose of this section is 
to prove the following theorem. 



Theorem 3.1. For all 1 < p < 00, there exists Vp > Q such that 



l|w^M(^-A,)-imr)-^ll,.(^x,) 



< 



Im z\ 



for all z eC\R. 

Recall that Ag is defined by (|1.22p and is self-adjoint with respect to dg given by (|1.20p . 
Translated in terms of A^, Theorem 13. II gives 
Corollary 3.2. For all 1 < p < 00, there exists Vp > such that 



||W^(r)u;(r)("-i)(i-^)(z - Ag)-'wir)^'-"^^i~^^Wir)-'\U.^M,dg) 
for allz eC\R. 



< 



llm z\ 
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Theorem 13.11 is a consequence of Proposition 13.81 showing a stronger result, namely that, in 
local charts, (z — Ag)~^ is a pseudo-differential operator with symbol in a class that guarantees 
the L'P boundcdncss on L'P{M.,dg). Using Proposition 13.81 we also obtain the following result. 

Theorem 3.3. IJw is itself a temperate weight, then for all temperate weight W and all I < p < oo, 
there exists Vp > such that 

for all z eC\R. 

This holds in particular if W = 1. 



3.1 Reduction 

In this subsection, we explain how to reduce Theorem l3.1l to Proposition l3.8l below. This reduction 
rests on classical results on pseudo-differential operators, namely the Calderon-Zygmund Theorem 
13.41 and the Beals Theorem l3.6l 

Recall first the definitions of the usual classes of symbols S'^ and S^: 

a e S°iR'^ X M'') ^ \d^d^a{x,^)\ < (0""'', (3.1) 
a e S^iR"^ X M^) ^ \d^d^aix,0\ < 1- (3.2) 
The following theorem is due to Calderon-Zygmund. 

Theorem 3.4. Let d > I and a e S'°(M'^ x R'^). Then, for all I <p < oo, 

\\a{3:,D)v\\Lp{R'i) < Cp||w||LP(Rd), v G C^(R''), 
where the constant Cp depends on a finite number of semi-norms of a in S'^ . 
For a proof, see for instance |24| . 

We next introduce the class S'J']^'''(R"'^^ x K") of functions b{xi,x[,y, p,r]) satisfying 

a^,a^;9y"ap^a,Nxi,x;,y,p,,/)| <Q„fe;5(p)-2(^)-i'5|, (3.3) 

for xi, x'l e M, y G R"^""^ , and {p, 77) G R x R""-'^. In particular, for fixed xi,x'i, p, theses functions 
belong to S'°(RJ^^^ x RJJ^^). Consider the pseudo-differential operator B defined on R" by the 
Schwartz kernel 

KB{xi,y,x[,y') = (27r)-" / e'^y-y'y%{xi,x[,y,x[ ~ x,,fj)d7j (3.4) 



where b is the Fourier transform of b with respect to p. This kernel is continuous with respect to 
Xi,x'i (with values in 5'(R"^^ x R"^^)). Integrating by parts with (xi — x[)^^dp in the integral 
defining b, one sees that, for all N and all a, (3, 



\d^d^b{xi,y,x[-xi,7^)\ < CNc.0{xi-x[y{rj)-\t'\. (3.5) 
Thus, for all 1 < p < 00 and > 0, Theorem 13.41 yields the existence of Cnp such that 

\\{Bv){xi, .)||lp(K"-i) < Cnp / {xi - x[)^^\\v{x[, .)||ip(R„-i)dx'i, (3.6) 
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for all V £ (Ka;^ x MJ^, ^ ) . Denoting by p' the conjugate exponent to p, Holder's inequality yields 

p 

and thus, if > 1, we conclude that 

^ //^^i - -WL.iM^-i^dx'.dx, < I|«||^,(R„), V G C„-(M"). (3.7) 

More generally, if is a temperate weight, estimates of the form p.Sp still hold if we replace 
b{xi,y,x'i — xi,ri) by W{xi)b{xi,y,x'i — xi,ri)W{x[)~^. All this gives the following result. 

Proposition 3.5. If b e SqJ-°{S.'^+^ x R") and B is defined by the kernel (3^, then for all 
temperate weight W, W{xi)BW{xi)^^ is bounded on L*'(R") for all 1 < p < oo and its norm 
depends on a finite number of constants CjakfS L3.S\) . 

We shall essentially prove Theorem 13. II bv showing that the pull-backs on R" of (z — Ag)~^ by 
local charts are pseudo-differential operators with symbols in 5'(7^'*'(R"+^ x R"). The main tool to 
characterize these pull-packs as pseudo-differential operators on R" is the Beals criterion which we 
recall in Theorem 13.61 below. Fix first some notation. If A and L are operators on suitable spaces, 
we set 

adL ■ LA - AL. 

In our case, L will typically belong to 

Theorem 3.6 (Beals). Let A : 5(R") 5'(M") be a continuous linear map. If A is bounded on 
L^(R") and, more generally for all N and all Li, . . . , Lpf G if the operator adL^ ■ ■ ■ adL^ • A 
is bounded on i^(R"), then there exists a Sq such that 

A = a^\x,D), 

and each semi-norm of a in Sq is controlled by a finite number of Wad^-^ . . . adL^f ■ A||^2^^2. 
Here {x, D) is the Weyl quantization of a namely the operator whose kernel is 

(2^)-" j e'("-"')-«a((:E + x')/2, £)d(,. 

Theorem 13.61 is for instance proved in [31 [31 [TT] . 

The characterization of operators with symbols in S'o^^''^(R"+^ x R") is easily deduced from this 
theorem as follows. Recall first the formula 

(a^af a)'^(x, D) = i-^^^ad'^^ad^ ■ a^{x, D), (3.8) 

where ad" = o.d'^l ■■■'^d,'^'^ ^^"^ ^^g^ — adg^ ...adg" (note that adLiadL2 — adL20,dLi for all 
Li, L2 G -Ce"). On the other hand, we also have 

{^,a)'^{x,D)^D,a'^{x,D) - l^id^^a^ix, D). (3.9) 



22 



Proposition 3.7. Let A : iS(]R") iS'(]R") be linear and continuous. Assume that, for all 
a, /3 e N" and all 7 e N" such that 

71 < 2, 72 + ---+Jn<p2 + ---+Pn, 

the operator 

Al^ := D2 {adlad^, ■ A) (3.10) 

is bounded on L^(M"). Then A is a pseudo-differential operator with symbol a e 5'o~i'°(IR"+i xR") 

(ie has a kernel of the form \S.4-^ ). Each semi-norm of a in S'o"i'°(R"+i xR") depends on a finite 
number of operator norms \ \A'^p\\i^2^]^2 . 

Proof Set B = {1 + DlJA. By Theoreni[3H we can write B = b^{x, D) for some b e S'g. Define 
then Bl^ similarly to (P7TU|) with B instead of A and with 7 = (0, 72, ... , 7„). By and 
B^p is the sum of 

z-l^l {x,D), 
and of a linear combination of operators of the form 

[Cd^d^bj {x,D), 7'<7, a' < a + 7. 

On the other hand, by Theorem 13.61 again. B'^p is of the form (fe^^)^(a;, Z?) for some S 5*0- 
Thus 

blpix,0=^-^^k''^^^^bix,0+ E cy^,C'd^'d^bix,0- 

a'<o + T 

By induction on /?, we deduce that 

\dSdlb{x,0\ < (1 + 161 + ■ • • + lU)-^'--""- (3.11) 

Using then the standard fact that any c^ {y, Dy), with c £ S''^(R"^^ x M"^^), can be written 
ci{y,Dy) for some ci G S'''(R"~^ x R"~^) depending continuously on c, we can write b^{x,Dx) = 
bi{x,Dx) for some symbol 61 satisfying the estimates p. lip and depending continuously on b. 
Therefore A ^ {1 + DlJ-'^bi{x, D^) and its symbol {S,i)~'^bi{x, clearly belongs to 8^1'°. □ 

Let us now choose, for each t £ /, three functions /i^', /P\ /f'^'' G C°°{AA.) such that, if we set 
also 

fi, being the t-th element of the partition of unit p.lOp . we have 

= 1 near supp(/(^)), j = 0, 1, 2, (3.12) 

and 

supp(/W)cW„ J = 1,2,3. (3.13) 
If t e /comp we may assume that fP^ G C^{Ul) and if t G loo we may assume that 

■^.*f.'\r,e)^Q^^\r)n[^He), 
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with g^^'f and supported in small neighborhoods of g and respectively (see (|1.12p ). kH"* being 
compactly supported and f)*--'-' (r) = 1 for r large. Therefore, in all cases, 

By (jl.lOp we can write 

te/ t'e/ 

The first sum corresponds to 'diagonal terms' and the second double one to 'off diagonal terms' 
since /i*^^ and (1 — /i^^)///"^ have disjoint supports. 

By Proposition 13.51 Theorem 13.11 would be a direct consequence of the following proposition. 

Proposition 3.8. For all l, l' G /, the operators 

R,{z) ^ ^..f[°\z - Ag)-'fP^:, z i M, 

and 

have kernels of the form i3.4\ ) with symbols whose semi-norms in Sqi''^{R"^^ x R") are bounded 
by ((z)/|Im z\)'^ , for some v (depending on the semi-norm). 

We shall prove Proposition 13.81 using Proposition 13.71 To compute the commutators with 
elements of vCr", we start with a few remarks. For k = 1, . . . , n, we have 

a;fc*„ = '^i*x'k, ^l.Xk = 4*,*': (3-14) 
denoting by (cc^, . . . ^x'^^) the coordinates in the i-th chart. Similarly 

^M/^.a,., ^:,d.,,^d^,^:,. (3.15) 

Of course, both (|3.14p and (|3.15p hold only in coordinate patches. If l and b' belong to /qo, (|3.14p 
reads, for fc = 2, . . . , n, 

and for fc = 1, 

xi^,,=^,,r, ^:,x^=r^:,, (3.16) 

where one should note that r is globally defined on M.. We don't write the analogous formulas 
corresponding to (j3.15p for t, l' G loo but we recall that dr is only defined where r is a coordinate, 
namely for r > R. 

We then note that R^(z) in Proposition 13.81 reads 

R,iz) = vl/„F/")i?-^(z)F(2)vl,*, (3.17) 

with 

supp(F(")) c supp(/(°)), supp(F,(2)) c supp(/(2)), (3.18) 
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and 

rM{z) = w{rpAi{z - Ag)-^w{rpA2{z - Ag)-^ ■ ■ • w(r)'=" Ajv(z - Ag)-^ (3.19) 

where f/^^F?' e Diff^(7W), TV > 1, fci, . . . , /cat > and 

AjeDiO(7W), 0<mj<2, 
with in particular mi = 0. Similarly, 



with G Diff^(7W) such that 



supp(F(^))csnpp((l-/(2))/(; 



(0) 



(3.20) 



(3.21) 



Of course, in (|XT7|l and (jX^ . i?^(z) = (z-Ag)-i that is (IXTOl) with iV = 1, fci = and = 1. 
By (IXT^ . (in^l and ((XT51) . we have 

9fe (*„F(0)i?^(z)F(2)^*^ ^ J^^^^^ F(")i?-^(z)F(2)] VI/* + (vl,„F,(")i?^(z)F(2)vl/*) a^, 
with 

= ff^Kdk'H,*. (3.22) 

In particular. 



(3.23) 



For operators like the right hand side of (|3.20p . we use (|3.2ip . that /i^-* = 1 near supp(/t'"°'') 
and that 



(1-/(2)) ^ 



near supp 



(2)n 



J 1 near supp(l — 
1 near supp(/i"^) 

which follow from (j3.12p . to obtain 

a, (vI/„F(")i?^(z)F(^)vI/*) = vI/„ [L,^,,_,,^^(0)i?^(z)F/,^) 



with 

The main consequence is that 



(3.24) 



([L,^.,fe,F(")i?^(.)F,(^)] - [F(°)i?^(z)^;'^\L,,^,,,.])**. 
With the latter formula, (|3.23p and the resolvent identity, namely 

adL ■ {z - Ag)-! = -{z - Ag)-^[L,Ag]{z - Ag)-\ (3.25) 
we are equipped to prove the following result. 
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Proposition 3.9. For all a E N" and all l E I (resp. all l, l' E I), the operator 

adg^R.iz) {resp. adQ^R,,'{z)), 
is a linear combination ( with coefficients independent of z) of operators of the form 

F[°^R^{z)fI:^') {resp. Fj:''^ {z)f['^)) 

with < |a| + 1 and 

AieDiH^(A^), A2,...,AAr eDiff^(A^), fci = fca - ■ • • - fc^ = 0. 

Proof. It follows from elementary induction once observed that, if L is any of the operators in 
([X^ or dnUl), we have 

AeDifC(X) ^ eDifC(A^). 

Indeed, if L is compactly support this is trivial. Otherwise, if it is supported in chart a infinity, 
this is a consequence of the identities 

[dr,Q{r)mde,] - (^K{9)\w{r)de,, 



[w{r)de^,,g{r)K{9)dg,] = {g{r)de^,K{9)) w{r)de^, 

[w{r)dg^, , g{r)K{e)dr] = {w{r)g{r)de,,m) dr - (^g{rMO) ) w{r)de,, , 



w{r) 



where all the brackets in the right hand sides are bounded as well as their derivatives, if g and k 
are bounded with compactly supported derivatives, also using p.6p and p.Sp . □ 

To compute ad^adg Ri{z) and ad^adg Ri,^'{z), we need the following lemma. 

Lemma 3.10. Let p be a smooth function on M with compactly supported derivative and supported 
in r > R. Let k{6) be supported in patch of the manifold at infinity. Then, for any A G Diff^'(7V(), 
we have 

[A, g{r)r] = A\ [A, g{r)mOk] - w{r)A", 
for some A', A" G Diff^'"^(A^). Furthermore, for all F G C^{M) and all k eN, we can write 

[A,F]=w{rfAk, 

with Ak E Diff;;:-i(A^). 

Proof. The first two identities follow simply from 

[dr,g{r)r] = {g' {r)r + g{r)) , 
[dr,g{r)^W = w{r) ( ^K{0)ek] , 



. w{r) 

[w{r)de^, , g{r)K{9)ek] = w{r)g{r) {9kde^,K{9) + Skk'K{9)) , 

since all brackets in the right hand sides are smooth and bounded, together with their derivatives. 
For the third one, we simply observe that [A, F] is a differential operator of order m — 1 with 
compact support and can thus be written w{r)'^ {w{r)^'' [A,F]) since w doesn't vanish. □ 
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The main sense of this lemma is that commutators of elements of Diff^(A^) with the multipli- 
cation operators by coordinates (cut off to be globally defined) are operators in Diff^*^^(7W). More 
precisely, we get a factor w{r) when commuting with angular coordinates or compactly supported 
functions. Note also that it is crucial for the first commutator that we commute A with a function 
of r only. Otherwise, we would have to consider for instance terms like 

[w{r)dey , g{r)K{9)r] = (Ji{r)deyK{0)) w{r)r, 

with w{r)r unbounded in general. 

To compute the commutators with the multiplication operators xi, . . . , x„, we repeat essentially 
the calculations above Proposition 13.91 with Xk instead of dk except for xi when we work close to 
infinity. We proceed as follows. If l G /comp, we define 

^.,fe = /i^^ra;^*,,,, (3.26) 

X,^,,,k = (3.27) 
for 1 < k < n. If t' G /comp and i £ /, we also set 

^.^.',fe = (1 - /fi))/y^*r,a;fc*,.„ (3.28) 

for 1 < fc < n. In these cases, X^ fe, Xt^^/ fc and X^^^i^k sue smooth functions compactly supported 
in coordinates patches. If fc > 2 and t, t' G lao, we still define X^^k, Xt^t',fc and X^^i/^k by the 
right hand sides of ([X^ . ((5:?7)l and (jX^ . Setting finally 

(3.29) 
(3.30) 
(3.31) 

nd all 1 < fc < n. For operators of the 
form ([HTTU]) and cutoffs satisfying (l?TT5| . ((XTi)) imply that 

'xk,[^..F[°^R^{z)F^'^'f:)] = vI/„i^W [X,,fc,i?^(z)]i^/2)^*^ 

for all t G / and 1 < fc < n. For off diagonal terms, namely with right cutoffs satisfying p.2ip . we 
have 

= vl/„F/") [X,^,,,fc,i?-^(z)]F/,^)vl/* + 

^,,F^'^R-^{z)X,^,,kF^^^,^^:, 

where the last term vanishes if t G /comp or fc > 2. In the remaining cases, namely fc = 1 and 
(. G /oo, we have X^^^r^i ~ r and 





— ^1 


t e /oo 




= 


L G /oo, i' e /, 




= r 


t G /, i' G /oo, 


we have defined X,,^k, X^^^i_k and X^^i 


/ jt for all 


^ I and all 1 < fc < n. For 



F,,,'f :, with F,,,, G CS'iM) if i' G /comp 

/^/'^*:,a;i ift'G/oo. 



Similarly, we have 

(vI'„Fi")/?-^(z)/^(^>vI/*)a;, = ^^,,,F^o^R■^{z)X,^,^kF^^}^:, 

= [i?-^(z),X,^,.,fc,]i^/,^)vl/* + 

vI/„Fi")X,^,,,fci?^(z)F,(^)vI,* 
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where the last term vanishes if fc > 2 or t' G /comp and 



^ ^(0)^ ^iF^.'^f:' with F,, eCS°{M) if /comp, 



This shows that, unless l.l' € loo and k — \, 



is the sum of 



and of terms of the same form as ^^^F^^^ R-'^ {z)F^'^} . If t, l' e I^o and fc = 1, we simply have 

Using lemma [5. 10) the resolvent identity (|3.25p and a simple induction, we get the following result. 
Proposition 3.11. For all a,P G N" and all l ^ I (resp. all l, l' G I), the operator 

adl^ad^^R.iz) (resp. ad^ad'^^R,,, {z)) , 
is a linear combination ( with coefficients independent of z) of operators of the form 

F^°'>R^{z)F^^') {resp. Fj;''^ R^{z)F^^}) 
where R^{z) is of the form iTOP)) with iV < la] + |/3| + 1, 

AjGDiOX-^), 0<mj<2 

and 



k j - — - 2 TTl/ j ^ 



k2 + ■■ ■ + kN ^ (32 + ■ ■■ + I3n- 



The next proposition is the final step before being in position to use Proposition [321 

Proposition 3.12. Fix t G / (resp. l, l' G /j. For all a, fi G N" and aZ/ 7 G N satisfying 71 < 2, 
72 H + 7n < /32 H h /3n, the operator 

DZadiad%^R,{z) (resp. DZad^adl^R,, {z)) , 
is a linear combination ( with coefficients independent of z) of operators of the form 

F,("'i?-^(z)^^/2) (^g^^^ F^;°')R^{z)F^^}) 
(see ( TOPI) ) with iV < |a| + |/3| + I7I + 1 and 

Au...,ANe Difr^(X), fci = . . . = fcjv = 0. 
In particular, they are bounded on i^(M") with norms controlled by powers 0/ (z)/|Im(z)|. 
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Proof. We treat the case of Ru{z), the one of Ri^^i{z) being completely similar. We start with a 
simple case. Consider an operator of the form 

with A G Diff^(A^). Such operators appear in Proposition 13.111 with N — 2 \i P2 + ■ ■ ■ + Pn = ^ 
and a = 0. Compute then dkB{z), with k > 2. We get 

( F(0)(z - Ag)-'w{r)\ A{z ~ A,)-i + F^°\z - Ag)-^w{r)L,,uA{z - AgY^Fj:^'') 

The commutator reads 

L,„fc,F/")] (z-A<,)-iu;(r)+F/")(z-A3) [a,,, L,,,,.] (z - A<,)-i«;(r) + (z - Ag)"! [i,„fc, ii'M] 

and is bounded on L^{A4,dg) since [i^.^, Ag] e Diff^(A^). The simple and crucial remark is that 

w{r)L,,kAeBml{M), 

although L^^kA ^ Diff^„(A^) in general. Therefore dkB{z) is a linear combination of operators of 
the form p.l9p with Ai of order 0. This then implies that dfdkB{z) is also of this form with Ai 
of order 2. Iteration of this argument give the result since Proposition 13 . 1 1 1 show there are at least 
72 + • • • + 7ri powers u;(r) in the expression of ad^ad$^ R, (z) to absorb dJl ---dll- □ 

3.2 Proof of Proposition IXBl 

This is a direct consequence of Proposition 13.121 and Proposition [3771 

3.3 Proof of Theorem 

This is a direct consequence of Proposition 13 . 51 and Proposition 13 .81 using the equivalence of norms 

3.4 Proof of Theorem [Ml 

The boundedness of W{r){z — Ag)^^M^(r)^^ on LP{M,dg) is equivalent to the one of 

W{r)w{r)'^^^ (z - Agy^w{r)''^^^W{r)~^ 

on U'{M^dg) so the result follows from Proposition 13. 51 with the temperate weight Ww~ p~ , 
and Proposition 13.81 □ 



3.5 Proof of Theorem [TTTI 

We note first that, by writing (z — h'^Ag)^^ — h^^{zh^^ — Ag)^^, Theorem 13.11 implies that 

\\W{r){z - h'Agr'W{r)-X.^MT,)^LnMT,) ^ ''^'j^^^' ^ ^ (O'^]' ^ e C \ M,(3.32) 
by using the inequahty (/i"'^z)/|Im(/i^^z)| < (z)/|Im(z)|. 
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Assume next that (p E S °'{M.) with cr > 1 so that we can use (|2.29p . By Theorem 12.81 and 
p.32p . there exists I'p^N such that 



W{r){z - h^Agy^TlNiz, h)W{ry 



Lv{M,dg)^LP{MAg) ^ \^ |Im Z 



for h e (0, 1] and z ^ R. By choosing M > v — Vp ^ VM.pi the above estimate and (12.29P give the 
expected estimate up to a factor The latter is ehminated in the standard way: by pushing the 
expansion to the order we write 7?.Ar(— Ag, t^, h) as the sum of properly supported pseudo- 

differential operators bounded on W{r)~^U'{M.,dg) and of h'^TZN+2{—Ag, 'P, h). This implies 

If now (fi £ S'"'^(M) with cr > 0, we cannot use (|2.29p . We thus write (p{\) = (A + j)V'(A) with 
i> e 5-'"-i(R) so that 

ifii-h^Ag) ^{i- h^Ag)2p{~h^Ag). (3.33) 

We then write again TZ^i—Ag^ if, h) as a finite sum of properly supported pseudo-differential 
operators bounded on W{r)~^LP{M,dg) and 



h^+^ / / dijM{z){z - h^Ag)-\i - h^Ag)nN+2iz, h)dxdy 
where z — x + iy. By Theorem 12.81 we have 



W{r){i - h^A)nN+2{z, h)W{ry^ 



< 



LP{M,dg)^LP{MAg) ^ V l^™ ^1 

and we proceed as above. □ 

A Non LP LP boundedness on the hyperbolic space 

Using the hyperboloid model of the hyperbolic space, namely 

H" ^{x= {xo, . . . , Xn) e K"+^ \xl-xl xl^l, > 0}, 

we have polar coordinates by considering 

x{r,uj) — (cosh r, a; sinh r) , r > 0, a; G S"^"^. 
In this parametrization, the distance between x = x{r,Lo) and x' — x{r' ,u}') reads 
d{x,x') — arccosh(coshrcoshr' — a; • w'sinhj'sinhr') 

= arccosh Ml- — - j cosh(r - r') + — - cosh(r + r') > (A. 34) 

and the volume element is 

(sinhr)"^-^drdcj, 

where dio is the usual Riemannian measure on the sphere. Considering n = 3 for simplicity, the 
resolvent 

(-Ah3 -l + e2)-i, e>o, (A.35) 
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is well defined since, in general, — Ah" > {n — 1)^/4. Its kernel with respect to the volume element 
is then given by 

2^ ^-ed{x,x') 

Att sinhd(x, x') 

(see for instance [23, p. 105]). 

Proposition A.l. Fix p e (1, cxd) with p 2. If < e < 1-|; then (— Ags - 1 + e^)^^ is not 
bounded on ^^(H^). 

We shall proceed by contradiction, using the following simple lemma. 

Lemma A. 2. Let Ki,K2 be two locally integrable functions on (M_|_ x S^)'^ such that 

K2{r,ujy,J) > \Ki{r,iu,r',iu')\. (A.36) 

Denote by Aj be the operator with kernel Kj with respect to drdio and set — LP(R+ x S^, drdio). 
Then 

II^iIIlp^Lp < \\A2\\lp^Lp- 

Proof. By (|X36l) . we have, for all it £ C^(K+ x S^), 

\{A,u){r,oj)\<\{AM){r,oj)\ 

so, taking the norm, we obtain 

PiuIIlp < ||A2|m|||^p < P2||lp^Lp|||u|||^^ = P2||lp^Lp||u||lp 

which gives the result. □ 

Proof of Proposition ] A . 11 We argue by contradiction and assume that (— Ajjs — 1 + e^)~^ is bounded 
on LP{M.^). This is equivalent to the boundedness on L^'(E_|. x §P, drdui) of the operator with kernel 

2/1 ^-<:d.{x,x') \ 

K2{r,uj,r' ,uj') := (sinhr)p -(sinhr') (sinhr') p 

\ 47r sinh(i(a;, a;') / 

with respect to drduj. Since cosh(r — r') < cosh(r + r') for r, r' G M+, (|A.34p gives 

d{x, x') < r + r' 

so, for r, r' > 1, we have 

Denoting by Ki{r,uj,r' ,uj') = Ki{r,r') the right hand side of (|A.37p multiplied by the character- 
istic function of [1, +00)^, Lemma [A. 2 1 implies that the corresponding operator Ai is bounded on 
I/P(IR+ X Ei"^ , drdui) . This is clearly not true if | — 1 > e, otherwise e'-p"^"'-''^ should belong to 
We also obtain a contradiction if 1 — | > e by considering the adjoint of Ai □ 

Note that the right hand side of (jA.37p also reads 



g(f -!)('■-'"')-£('•+'•') 
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showing that the above reasoning gives no contradiction for p = 2 nor by restricting the kernel 
close to the diagonal. 

We also recall that (n — l)|i — i| (ie || — 1| if n = 3) is exactly the width of the strip around 
the real axis in which ip has to be holomorphic to ensure the boundedness on L^'(H") of 

^((-AM.>-(n-l)V4)i/^), 

as proved in [2?. The resolvent (|A.35|) corresponds to (p{X) = (A^ + e^)~^ which is holomorphic 
for |Im(A)| < e. 
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